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a b s t r a c t
We introduce a polynomial invariant of flat virtual knots which is
sometimes useful for determining whether given flat virtual knots
are invertible or not, and for finding the virtual crossing number of
flat virtual knots. Also we give several properties of the polynomial
invariant for flat virtual knots and examples. In particular, we show
that the conjecture given by Hrencecin and Kauffman (2003) [8] is
true and so an infinite class of flat virtual knots {Un} (n = 1, 2, . . .)
are mutually distinct.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Kauffman introduced the notion of virtual knots and links, which was motivated by the study
of knots and links in a thickened surface and abstract Gauss codes [12]. Virtual knot theory is a
generalization of classical knot theory in the sense that if two classical link diagrams are equivalent
as virtual links, then they are equivalent as classical links [6,12]. A virtual link diagram is a link diagram
inR2 possibly with some encircled crossings without over/under-information, called virtual crossings.
A virtual link is the equivalence class of such a link diagram through generalized Reidemeister moves,
which consist of (classical) Reidemeister moves of type R1, R2 and R3 and virtual Reidemeister moves of
type VR1, VR2, VR3 and the semivirtual move VR4 as shown in Fig. 1.
There is a useful topological interpretation [12] for the virtual knot theory in terms of embeddings
of knots in thickened surfaces Sg × I , where Sg is a compact oriented surface of genus g . Regard each
virtual crossing as shorthand for a detour of one of the arcs in the crossing through a 1-handle that has
been attached to the 2-sphere of the original diagram. Thenwe obtain an embedding of a collection of
circles into a thickened surface Sg × I . We say that two such embeddings are stably equivalent if one
can be obtained from another by isotopy in the thickened surfaces, homeomorphisms of the surfaces
and the addition or subtraction of empty handles. In fact, two virtual knot diagrams are isotopic if
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Fig. 1. Generalized Reidemeister moves.
and only if their corresponding surface embeddings are stably equivalent [3,12,13]. N. Kamada and S.
Kamada [11] shows that there is a one-to-one correspondence between the equivalences of virtual
knot diagrams and those of abstract link diagrams. Also by using an abstract link diagram any virtual
knot diagram is recognizable in a closed surface, and there is an algorithm for finding a minimal
representative. For details, see [11].
A flat crossing is a classical crossing in which we ignore the over/under-information. Flat crossings
are useful in the study of non-triviality in virtual knots. Every purely flat knot is trivial, i.e., reducible
via flat Reidemeister moves to the unknot. However, flat virtual knots with virtual and flat crossings are
generally non-trivial. Non-triviality of a flat virtual knot indicates that no choice of classical crossing
information for the flat crossings yields a classical knot.
There are many reasons for studying flat virtual knots. See [12]. When we ignore the over/under-
information at each crossing of a virtual knot, we obtain a flat virtual knot, sometimes called the uni-
verse of the original virtual knot. Furthermore, if two virtual knots are equivalent then their corre-
sponding flat knots are equivalent. This means that if two flat virtual knots are different, then no
virtual knot that overlies one of them can be equivalent to a virtual knot that overlies the other one.
We shall say that a virtual knot diagram overlies a flat virtual knot diagram if the virtual knot diagram
is obtained from the flat virtual knot diagram by choosing a crossing type for each flat crossing in the
virtual knot diagram. If the original virtual knot is the unknot, then the flat virtual knot is also the un-
knot. Thus, being able to determine that a flat virtual knot is not the unknot implies that every virtual
knot with that universe is non-trivial. A flat virtual knot can be regarded as an equivalence class of
virtual knotsmodulo crossing changes (or homotopy), so flat virtual knots represent knots in thickened
surfaces Sg × I up to homotopy and stabilization. Moreover, flat virtual knots are recognizable, and
there is an algorithm for finding a minimal representative which is that of a virtual knot.
To date, many invariants of flat virtual knots have been studied; see [4,8,14,20,19,25]. In Turaev’s
work [25], flat virtual knots are called virtual strings. In [8], Hrencecin and Kauffman introduced the
concept of a filamentation and showed that whenever there is no filamentation, no associated flat
virtual knot diagram can be reduced to a classical diagram. Also they have found an infinite class of
flat virtual knots {Un} and related virtual knots {Kn} such that the {Kn}’s are an infinite class ofmutually
distinct knots. It is conjectured that the {Un}’s are all distinct as flat virtual knots. In [20,19], Manturov
introduced the notion of parity, extremely useful for free knots, which are simplifications of flat virtual
knots. By using this notion and Turaev’s trick [25], he showed the non-invertibility of free knots [18].
In this paper, we introduce a polynomial invariant for flat virtual knots induced from an index
polynomial invariant of virtual knots in [9], which is different from the state sum polynomial
invariants studied by Miyazawa [21,22], Sawollek [23], Silver and Williams [24] and Kauffman and
Radford [15]. This polynomial invariant is useful for determining whether flat virtual knots are
invertible or not. We show that if a flat virtual knot F has non-zero value of the polynomial, then
F is non-invertible, so every virtual knot overlying F is non-invertible, too. Also it is shown that this
polynomial can be used to find a lower bound on the virtual crossing number of flat virtual knots. In
particular, we show that the conjecture given by Hrencecin and Kauffman [8] is true, so an infinite
class of flat virtual knots {Un} (n = 1, 2, . . .) are mutually distinct.
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Fig. 2. Flat virtual moves.
Fig. 3. Alternating orientation.
c c
Fig. 4. Smoothing operation.
This paper is organized as follows. Section 2 gives the basic definitions and resultswhich are needed
throughout this paper. In Section 3, we introduce a polynomial invariant of flat virtual knots, and in
Section 4 we give some properties of the polynomial invariant and examples.
2. Preliminaries
We begin this section with basic definitions and results which are needed throughout this paper.
A flat virtual knot diagram is an immersed circle in R2 obtained by ignoring the over-information
and under-information at classical crossings of a virtual knot diagram. A flat virtual knot is the
equivalence class of flat virtual knot diagrams via the generalized flat Reidemeister moves as illustrated
in Fig. 2. These moves are flattened versions of the generalized Reidemeister moves.
For a flat virtual knot diagram D, we denote by D¯ the union of immersed circles in R2 obtained
by leaving the virtual information unchanged so that the edges of D¯ are oriented alternately at each
vertex, which corresponds to a crossing of D.
We say that D¯ admits an alternating orientation if all edges (when regarding D¯ as a 4-valent planar
graph) can be oriented as shown in Fig. 3. This condition is also called a source–sink (or source–target)
condition by Mantrov [17].
A (flat) virtual knot diagram D is said to be normal if D¯ admits an alternating orientation. Note
that a normal diagram D is called a (flat) checkerboard colorable virtual knot diagram [10]. A similar
entity, which is called an atom, was introduced and explored by Manturov [16]. A flat virtual knot F
is normal if F is the equivalence class of a normal diagram under an equivalence relation generated by
flat Reidemeister moves.
Now we recall the definition of a polynomial invariant introduced in [9]. For a given virtual link
L with a virtual link diagram D, let us choose a classical crossing c in this diagram belonging to the
same component of the shadow of D which is obtained by ignoring the over-information and under-
information at classical crossings of D and leaving the virtual information unchanged, and perform
the smoothing operation as shown in Fig. 4.
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This smoothing gives us a two-component virtual link diagram Dˆc , which is a part of the smoothed
virtual link.We choose an ordering (1, 2) for the components of the virtual link diagram Dˆc , and let 1∩2
denote the set of virtual crossings between the two components. For each virtual crossing v ∈ 1 ∩ 2,
we assign 1 or −1, called the index number of v and denoted by ind(v) as shown in Fig. 5. And for
each virtual crossing v in one component of Dˆc , we assign 0.
Definition ([9]). Let D be a virtual link diagram and c be a classical crossing of D. If c is a classical
crossing of one component of D, then we have a two-component virtual link diagram Dˆc which is
a part of the smoothed virtual link diagram obtained by the smoothing operation at c. The virtual
intersection index, denoted by i(c), of an ordered two-component virtual link diagram Dˆc associated
with a smoothed crossing c is given by
i(c) =
∑
v∈1∩2
ind(v),
where v is a virtual crossing of Dˆc .
If c is a classical crossing of different components of D, then we have a two-component virtual link
diagramDc which is a sublink diagramof the original diagramD. The virtual intersection index, denoted
by i(Dc), of an ordered two-component virtual link diagram Dc is given by
i(Dc) =
∑
v∈1∩2
ind(v),
where v is a virtual crossing of Dc .
Definition ([9]). Let D = {D1, . . . ,Dn} be a virtual link diagram with n components. Then the
polynomial QD(t) ∈ Z[t] for a virtual link diagram D is defined by
QD(t) =
∑
c∈A
sign(c)(t |i(c)| − 1)+
∑
c∈B
sign(c)(t |i(Dc )| − 1).
HereA is the set of classical crossings c of D for which the corresponding vertices belong to the same
component of the shadowofD, andB is the set of classical crossings c ofD forwhich the corresponding
vertices belong to different components of the shadow of D, and Dc is a two-component virtual link
diagram containing c which is a sublink diagram of the original diagram D.
Theorem 2.1 ([9]). The polynomial QL(t) is an invariant for virtual links.
3. The polynomial invariant QF (t) of flat virtual knots
In this section, we give a polynomial invariant of flat virtual knots induced from the polynomial
invariant of virtual knots [9].
Let D be a flat virtual knot diagram. For a virtual crossing v of D,Dlv (respectively, D
r
v) denotes the
descending virtual knot diagram associated with the flat virtual knot diagram D, which is obtained
from D by traversing D along the orientation of D to the left (respectively, right) of v with the starting
point v. The following figure, Fig. 6, shows a flat virtual diagram D and the associated descending
virtual diagram Dlv of D at a virtual crossing v.
Now we define a new polynomial invariant of flat virtual knots.
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Fig. 7. FVR1-move.
Definition. Let D be a flat virtual knot diagram. Then the polynomial QD(t) ∈ Z[t] for a flat virtual
knot diagram D is defined by
QD(t) =
∑
v∈V (D)
(
QDrv (t)− QDlv (t)
)
,
where V (D) is the set of virtual crossings of D. If D has no virtual crossing, we define QD(t) = 0.
Now we show that this polynomial QD(t) is an invariant for flat virtual knot diagrams as follows.
Let F be a flat virtual knot and D a flat virtual knot diagram representing F . We define a polynomial
for F by QD(t) and denote it by QF (t).
Theorem 3.1. QF (t) is an invariant of flat virtual knots.
Proof. Let D and D˜ be equivalent flat virtual knot diagrams. First, we consider cases where D˜ is
obtained from D by applying a single move FRi for i = 1, 2, 3. For i = 1, 2, 3, it is easy to check
that for any virtual crossing v of D and the corresponding virtual crossing v of D˜, the associated virtual
knot diagrams Drv and D˜
r
v (respectively, D
l
v and D˜
l
v) are equivalent through applying a Reidemeister
move Ri. Thus, we have QD(t) = QD˜(t).
Now, we consider the case where D˜ is obtained from D by applying a single move FVR1. We may
assume that the number of virtual crossings of D˜ is less than that of D as shown in Fig. 7 and so
V (D) = V (D˜) ∪ {w}. For a given virtual crossing w of D, the associated virtual knot diagrams Drw
and Dlw are the same and then QDrw (t) = QDlw (t). For any virtual crossing v (6= w) in D and D˜,Drv and
D˜rv (respectively, D
l
v and D˜
l
v) are equivalent through a VR1-move.
Hence, we have
QD(t) =
∑
v∈V (D)
(QDrv (t)− QDlv (t)) = (QDrw (t)− QDlw (t))+
∑
v 6=w
(QDrv (t)− QDlv (t))
=
∑
v∈V (D˜)
(QD˜rv (t)− QD˜lv (t)) = QD˜(t).
Next, we consider the case where D˜ is obtained from D by applying a single move FVR2. We may
assume that the number of virtual crossings of D˜ is less than that of D. Since D is oriented, we need to
consider two cases according to the orientations of the arcs of D in a local disc as shown in Fig. 8.
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Suppose that the two arcs of D have parallel orientations. Let v1 and v2 be the two new virtual
crossings of D. We obtain QD(t) by adding four new terms to QD˜(t). The associated virtual knot
diagrams are Dlv2 = Drv1 and Drv2 = Dlv1 ,QDlv2 (t) = QDrv1 (t) and QDrv2 (t) = QDlv1 (t). Hence, we have
QD(t) =
∑
v∈V (D)
(QDrv (t)− QDlv (t))
=
∑
v 6=v1,v2
(QDrv (t)− QDlv (t))+ (QDrv1 (t)− QDlv1 (t))+ (QDrv2 (t)− QDlv2 (t))
=
∑
v∈V (D˜)
(QD˜rv (t)− QD˜lv (t)) = QD˜(t).
The remaining case is obtained by a similar argument.
Next, we assume that D˜ is obtained from D by applying a single move FVR3 as shown in Fig. 9.
The associated virtual knot diagrams Drvi and D˜
r
v′i
(respectively, Dlvi and D˜
l
v′i
) are equivalent through
a VR3-move for i = 1, 2, 3. Hence, we have
QD(t) =
∑
v∈V (D)
(QDrv (t)− QDlv (t))
=
∑
v∈V (D˜)
(QD˜rv (t)− QD˜lv (t)) = QD˜(t).
The remaining cases with different orientations of the arcs of D are also obtained by the similar
argument.
Finally, we consider the case where D˜ is obtained from D by applying a single move FVR4 as shown
in Fig. 10.
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Let xvi (respectively, xv′i ) be the classical crossing of the descending virtual knot diagram D
l
vi
(respectively, D˜lvi ) corresponding to the crossing x of the flat virtual knot diagram D (respectively,
D˜) for i = 1, 2.
Then it is easy to check that sign(xv1) 6= sign(xv′1), sign(xv2) 6= sign(xv′2), sign(xv1) = sign(xv′2)
and sign(xv2) = sign(xv′1).
Also it is clear that the virtual intersection indices of the associated virtual knot diagrams are the
same, and so |i(xv1)| = |i(xv2)| = |i(xv′1)| = |i(xv′2)|.
Hence, we have
QDlv1
(t)+ QDlv2 (t) =
∑
c∈C(Dlv1 )
sign(c)(t |i(c)| − 1)+
∑
c∈C(Dlv2 )
sign(c)(t |i(c)| − 1)
=
∑
c∈C(Dlv1 )\{xv1 }
sign(c)(t |i(c)| − 1)+ sign(xv1)(t |i(xv1 )| − 1)
+
∑
c∈C(Dlv2 )\{xv2 }
sign(c)(t |i(c)| − 1)+ sign(xv2)(t |i(xv2 )| − 1)
=
∑
c∈C(D˜l
v′1
)\{x
v′1
}
sign(c)(t |i(c)| − 1)+ sign(xv′2)(t
|i(x
v′2
)| − 1)
+
∑
c∈C(D˜l
v′2
)\{x
v′2
}
sign(c)(t |i(c)| − 1)+ sign(xv′1)(t
|i(x
v′1
)| − 1)
=
∑
c∈C(D˜l
v′1
)
sign(c)(t |i(c)| − 1)+
∑
c∈C(Dl
v′2
)
sign(c)(t |i(c)| − 1)
= QD˜l
v′1
(t)+ QD˜l
v′2
(t).
Since Drv1 = Drv2 and D˜rv′1 = D˜
r
v′2
are equivalent through a FVR4 move, we get QDrv1 (t) + QDrv2 (t) =
QD˜r
v′1
(t)+ QD˜r
v′2
(t).
Therefore, we have
QD(t) =
∑
v∈V (D)
(QDrv (t)− QDlv (t)) =
∑
v∈V (D˜)
(QD˜rv (t)− QD˜lv (t)) = QD˜(t)
and the conclusion follows. 
4. The properties of QF (t) and examples
In this section, we give some properties of the polynomial invariant QF (t) for flat virtual knots and
examples. We show that if F is a flat virtual knot with non-zero QF (t), then F is non-invertible and so
every virtual knot overlying the given F is also non-invertible. In particular, we show that Conjecture
5.2 in [8] is true and so an infinite class of flat virtual knots {Un} are mutually distinct, by using the
polynomial invariant QF (t).
Proposition 4.1. If F is a flat virtual knot which is normal, then QF (t) ∈ Z[t2].
Proof. Let D be a flat virtual knot diagram of F which is normal. For any virtual crossing v,
it is immediate that the associated descending virtual knot diagrams Drv and D
l
v induced from
F are normal, and then QDrv (t) and QDlv (t) belong to Z[t2] [9]. Therefore, we have QD(t) =∑
v∈V (D)
(
QDrv (t)− QDlv (t)
)
∈ Z[t2], where V (D) is the set of virtual crossings of D. 
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Fig. 11. Non-trivial flat virtual knot and virtual knot.
We give an example of a non-trivial flat virtual knot via the computation of the polynomial
invariant QF (t) for flat virtual knots.
Example 4.2. Consider a flat virtual knot F and a virtual knot K as shown in Fig. 11. It is well known
that K has the unit Jones polynomial and the trivial fundamental group [12].
By the computation, we get QF (t) = ∑v∈V (F)(QDrv (t) − QDlv (t)) = 4t(t − 1). Therefore F is a
non-trivial flat virtual knot which is not normal by Proposition 4.1 and K is also a non-trivial virtual
knot.
For a flat virtual knot diagram, we denote by D¯ the flat virtual knot diagram with the reversed
orientation. IfD and D¯ represent the same flat virtual knot, then the flat virtual knot is called invertible.
We have the following result.
Theorem 4.3. Let D be a flat virtual knot diagram and D¯ be the reversed flat virtual knot diagram. Then
QD(t) = −QD¯(t).
Proof. Let v be a virtual crossing of D and v¯ be the corresponding virtual crossing of D¯. For any flat
crossing c of D (respectively, c¯ of D¯), if we traverse the descending diagram Drv (respectively, D
l
v) from
v, it is easy to see that the sign of the classical crossing of Drv (respectively, D
l
v) corresponding to the
flat crossing c is different from that of D¯rv¯ (respectively, D¯
l
v¯). Then, we have QDrv (t) = −QD¯rv¯ (t) and
QDlv (t) = −QD¯lv¯ (t). Therefore, we have
QD(t) =
∑
v∈VC(D)
(QDrv (t)− QDlv (t)) = −
∑
v∈VC(D¯)
(QD¯rv (t)− QD¯lv (t)) = −QD¯(t). 
Corollary 4.4. Let D be a flat virtual knot diagram and QD(t) be non-zero. Then D is non-invertible.
Proof. If D is invertible, then QD(t) = QD¯(t). From Theorem 4.3, QD(t) = 0. 
As we can see in the following example, the polynomial QL(t) for virtual links provides us with the
advantage of finding a non-invertible flat knot via a quick computation.
Example 4.5. For the following flat virtual knot F in Fig. 12, we have QF (t) = −4(t2 − 1)+ 4(t − 1)
by the quick computation.
Thus F is non-invertible. Moreover, every virtual knots overlying F is also non-invertible.
In [5], Dye and Kauffman introduce the arrow polynomial and determine a lower bound on the
virtual crossing number for virtual knots. Afanasiev and Manturov [1] attack the virtual crossing
number by using the polynomial introduced by several authors (see [15,16,23,24]), which are
eventually the same [2]. Also the index polynomials given in [7,9], which are different from the above
polynomials, are used to determine the virtual crossing number via the easy computation.
Now, we consider the virtual crossing number of flat virtual knots. The virtual crossing number of a
flat virtual knot F , denoted by v(F), is the minimum number of virtual crossings of all flat virtual knot
diagrams representing F . Our invariant QF (t) can be used to find a lower bound on the virtual crossing
number of a flat virtual knot as follows.
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Fig. 13. Infinite class of flat virtual knots.
Theorem 4.6. For a flat virtual knot F , let QF (t) =∑∞n=0 antn, where an ∈ Z is the coefficient of tn. If n
is greater than the virtual crossing number of F , then an = 0.
Proof. Let D be a flat virtual knot diagram representing F such that the number of virtual crossings of
D is the virtual crossing number of F . By the definition of QD(t), the possible maximal degree of QD(t) is
the virtual crossing number of the virtual link diagram D. Thus, if n is greater than the virtual crossing
number of F , then an = 0. 
Corollary 4.7. Let D be a flat virtual knot diagram of a flat virtual knot F . Then the maximal degree of
QF (t) ≤ v(F).
Proof. Suppose QF (t) = ∑∞n=0 antn and the maximal degree of QF (t) is m, where an ∈ Z is the
coefficient of tn. Since am 6= 0 and an = 0 for n > m, we havem ≤ v(F) from Theorem 4.6. 
We give an example which explains Corollary 4.7.
Example 4.8. For the flat virtual knot F in Fig. 12, we get QF (t) = −4(t2− 1)+ 4(t − 1) by the quick
computation. Thus, F is a flat virtual knot which is not normal. Also, the virtual crossing number of F
is exactly 2 from Corollary 4.7, because the maximal degree of QF (t) is 2 and v(F) ≤ 2.
Finally, we show that the conjecture given by Hrencecin and Kauffman [8] is true and so an infinite
class of flat virtual knots {Un} (n = 1, 2, . . .) are mutually distinct.
Theorem 4.9. The flat virtual knots Un as shown in Fig. 13 are pairwise distinct for all n ≥ 1.
Proof. Wewill get the result by computing the polynomialQUn(t). LetD = Un. For the virtual crossing
v′0, consider the descending virtual knot diagrams D
r
v′0
and Dl
v′0
obtained from the flat virtual knot
diagram D. Since Dr
v′0
is the mirror image of Dl
v′0
, we have QDr
v′0
(t) = −QDl
v′0
(t) from the fact that any
virtual knot diagram and its mirror image have the same value [9, Proposition 4.6].
By the smoothing operation at each classical crossing cj (0 ≤ j ≤ n) of Drv′0 and D
l
v′0
, we have the
following virtual intersection indices: |i(c0)| = n and |i(cj)| = 1 for 1 ≤ j ≤ n, from Fig. 14. Also the
signs of all classical crossings of Dr
v′0
(respectively, Dl
v′0
) are negative (respectively, positive).
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Fig. 14. Diagrams after smoothing operation.
Therefore, we have
QDr
v′0
(t)− QDl
v′0
(t) = −2n(t − 1)− 2(tn − 1). (4.1)
Now, consider the descending virtual knot diagrams Drvi and D
l
vi
obtained from the flat virtual knot
diagram D for 0 ≤ i ≤ n. By the smoothing operation at each classical crossing cj (0 ≤ j ≤ n) of Drvi
and Dlvi , we have the same virtual intersection indices |i(c0)| = n and |i(cj)| = 1 for 1 ≤ j ≤ n from
Fig. 14.
For each virtual crossing vi (0 ≤ i ≤ n), the signs of all classical crossings of Drvi and Dlvi except one
classical crossing c0 are the same; thus the signs of Drvi and D
l
vi
at c0 are different.
Therefore, we have∑
v∈V (F)\{v′0}
(QDrv (t)− QDlv (t)) = 2(n+ 1)(tn − 1). (4.2)
And by (4.1) and (4.2), we get
QD(t) =
∑
v∈V (F)
(QDrv (t)− QDlv (t))
= QDr
v′0
(t)− QDl
v′0
(t)+
∑
v∈V (F)\{v′0}
(QDrv (t)− QDlv (t))
= −2n(t − 1)− 2(tn − 1)+ 2(n+ 1)(tn − 1)
= 2ntn − 2nt.
As a result, the flat virtual knots Un are mutually distinct for all n ≥ 1. 
Remark 4.10. In Theorem 4.6, it is easy to check that U1 is trivial but all Un’s are non-trivial for n ≥ 2.
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